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ON THE MAHLER MEASURE OF THE COXETER POLYNOMIAL
OF ALGEBRAS.
JOSE´ A. DE LA PEN˜A
Abstract. Let A be a finite dimensional algebra over an algebraically closed field
k. Assume A is a basic connected and triangular algebra with n pairwise non-
isomorphic simple modules. We consider the Coxeter transformation φA(T ) as the
automorphism of the Grothendieck group K0(A) induced by the Auslander-Reiten
translation τ in the derived category Derb(modA) of the module category modA of
finite dimensional left A-modules. We say that A is of cyclotomic type if the charac-
teristic polynomial χA of φA is a product of cyclotomic polynomials, equivalently, if
the Mahler measure M(χA) = 1. In [25] we have considered the many examples of
algebras of cyclotomic type in the representation theory literature. In this paper we
study the Mahler measure of the Coxeter polynomial of accessible algebras. In 1933,
D. H. Lehmer found that the polynomial T 10+T 9−T 7−T 6−T 5−T 4−T 3+T +1
has Mahler measure µ0 = 1.176280..., and he asked if there exist any smaller val-
ues exceeding 1. In this paper we prove that for any accessible algebra A either
M(χA) = 1 or M(χB) ≥ µ0 for some convex subcategory B of A. We introduce
interlaced tower of algebras Am, . . . , An with m ≤ n− 2 satisfying
χAs+1 = (T + 1)χAs − TχAs−1
for m + 1 ≤ s ≤ n − 1. We prove that, if Spec φAn ⊂ S
1 ∪ R+ and An is not of
cyclotomic type then M(χAm) < M(χAn).
1. Introduction.
Assume throughout the paper that k is an algebraically closed field. We assume
that A is a triangular finite dimensional k-algebra, in particular, A has finite global
dimension. In this situation, the bounded derived category Der(A) = Derb(modA)
has Serre duality of the form
Hom(X, Y [1]) = Hom(Y, τX)
where τ is a self-equivalence which serves as the Auslander-Reiten translation of
Der(A). In this setting the Grothendieck group K0(A) of the category modA of fi-
nite dimensional (right) A-modules, formed with respect to short exact sequences,
is naturally isomorphic to the Grothendieck group of the derived category, formed
with respect to exact triangles. The Coxeter transformation φA is the automorphism
of the Grothendieck group K0(A) induced by the Auslander-Reiten translation τ in
the derived category Der(A). The characteristic polynomial χA(T ) of φA is called the
Coxeter polynomial χA(T ) of A, or simply χA. It is a monic self-reciprocal polynomial,
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therefore it is χA(T ) = a0 + a1T + a2T
2 + . . .+ an−2T
n−2 + an−1T
n−1+ anT
n ∈ Z[T ],
with ai = an − i for 0 ≤ i ≤ n, and a0 = 1 = an. Sometimes, for the sake of clarity,
we write ai(A) for these coefficients.
Consider the roots λ1(A), . . . , λn(A) of χA, the so called spectrum of A. There is
a number of measures associated to the absolute values |λ| for λ in the spectrum
Spec(φA) of A. Three important measures are the following: the spectral radius of A
is defined as ρA = max {|λ| : λ ∈ Spec(φA)}, the Mahler measure of χA is M(χA) =∏n
i=1 |λi| and the energy function of φA is e(φA) =
n∑
i=1
|λi(A)|. In a recent paper [25]
we show that always e(φA) ≥ n and equality is reached when A is of cyclotomic type,
that is, χA(T ) factorizes as product of cyclotomic polynomials (equivalently ρA = 1
or M(φA) = 1). Many finite dimensional algebras are known to be of cyclotomic
type: hereditary algebras of finite or tame representation type, canonical algebras,
some extended canonical algebras and many others, see [17, 25] and section 2 for more
examples.
By a celebrated result of Kronecker [12], a monic integral polynomial p hasM(p) =
1 if and only if p factorizes as product of cyclotomic polynomials. Rather little is
known, however, about values of the Mahler measure near 1. In 1933, D. H. Lehmer
found that the polynomial
T 10 + T 9 − T 7 − T 6 − T 5 − T 4 − T 3 + T + 1
has Mahler measure µ0 = 1.176280..., and he asked if there exist any smaller values
exceeding 1. In fact, the polynomial above is the Coxeter polynomial of the hereditary
algebra whose underlying graph [2, 3, 7] is depicted below:
• • • • • • • • •
•
Mossingshoff’s web site provides many examples of polynomials p with small Mahler
measure M(p) > 1. See [22, 23]. The purpose of this work is to consider the largely
unexplored topic of the Mahler measure M(χA) of the Coxeter polynomial of an
algebra A, the many examples of algebras with Mahler measure 1 and other examples
serving as motivation. In Section 4 we shall prove the following theorem, which is to
be understood as a representation theory variant of Lehmer’s problem.
Theorem 1 Let A be an accessible algebra not of cyclotomic type. Then there is a
convex subcategory B of A satisfying the following properties:
(a) B is minimal not of cyclotomic type, that is, if C is any proper convex subcat-
egory of B, then C is of cyclotomic type;
(b) the Mahler measure of B is M(χB) ≥ µ0.
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Section 2 recalls some general features concerning algebras of cyclotomic type.
Section 3 presents some simple results on the Mahler measure. The most precise
considerations and examples will be worked for the class of accessible algebras. In-
troduced in [19], we say that an algebra A is accessible from B if there is a sequence
B = B1, B2, . . . , Bs = A of algebras such that each Bi+1 is a one-point extension
(resp. coextension) of Bi for some exceptional Bi-module Mi. As a special case, a
k-algebra A is called accessible if A is accessible from k. In order to prove Theorem 1,
we shall provide a complete classification, up to derived equivalence, of the minimal
algebras not of cyclotomic type.
In Section 5 we consider towers of algebras. Interlaced tower of algebras are certain
sequences of triangular algebras Am, . . . , An, such that As is a basic algebra with s
simple modules and, among others, satisfy the common feature that
χAs+1 = (T + 1)χAs − TχAs−1
for s = m + 1, . . . , n − 1. Examples include sequences of nested hereditary subcate-
gories, sequences of canonical algebras C(p1(s),p2(s),p3(s)) with p(s) ≤ p(s+1), sequences
of extended canonical algebras E〈p1(s),p2(s),p3(s)〉 with p(s) ≤ p(s + 1) and some acces-
sible towers of algebras where As+1 is a one-point extension (or coextension) of an
accessible algebra As by an exceptional As- module Ms such that the perpendicu-
lar category M⊥s formed in the derived category Der(As) is triangular equivalent to
mod(As−1), for s = m+ 1, . . . , n− 1, see [16, 17, 18, 19, 25] for related concepts.
Theorem 2 Consider an interlaced tower of algebras Am, . . . , An with m ≤ n− 2.
If Spec φAn ⊂ S
1∪R+ then either all Ai are of cyclotomic type or M(χAm) < M(χAn).
In the later case, M(χAn) < M(χAm)
∏n−1
s=m+1 L(χAs), where L(p) denotes the length
of a polynomial p.
Our results make use of well established techniques in the representation theory of
algebras but only reduced use of results from the theory of polynomials and trascen-
dental number theory, where Mahler measure has its natural habitat. In forthcoming
work we shall extend our investigations on the largely unexplored overlapping area of
these important subjects.
The results of this paper were obtained during a sabbatical stay at CIMAT, Gua-
najuato. They were presented at seminars in Me´xico, Morelia, Guanajuato, Bielefeld
and Toru´n during 2013.
2. The spectrum of algebras of cyclotomic type
2.1. If the spectrum of A lies in the unit disk, then all roots of χA(T ) lie on the unit
circle, hence A has spectral radius ρA = 1. Clearly, for fixed degree there are only
finitely many monic integral polynomials with this property. The following result of
Kronecker is essential in the discussion, [12].
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Theorem. [Kronecker] Let f be a monic integral polynomial whose spectrum is con-
tained in the unit disk. Then all roots of f are roots of unity or 0. Equivalently, f
factors into cyclotomic polynomials and Tm, for some integer m ≥ 0.
We recall some facts on cyclotomic polynomials.
The n-cyclotomic polynomial Φn(T ) is inductively defined by the formula
T n − 1 =
∏
d|n
Φd(T ).
The Mo¨bius function is defined as follows:
µ(n) =
{
0 if n is divisible by a square
(−1)r if n = p1, . . . pr is a factorization into distinct primes.
A more explicit expression for the cyclotomic polynomials is given by:
Lemma. For each n ≥ 2, we have
Φn(T ) =
∏
1≤d<n
d|n
vn/d(T )
µ(d)

In the lemma, we set vn = 1+ T + T
2+ . . .+ T n−1. Note that vn has degree n− 1.
2.2. A path algebra k∆ is said to be of Dynkin type if the underlying graph |∆| of ∆
is one of the ADE-series, that is, of type, An,Dn, for some n ≥ 1 or Ep, for p = 6, 7, 8.
The corresponding factorization of the Coxeter polynomial χk∆ is as follows.
Dynkin type star symbol cyclotomic factorization Coxeter number
An [n]
∏
d|n,d>1
Φd n+ 1
Dn [2, 2, n − 2] Φ2
∏
d|2(n−1)
d 6=1,d 6=n−1
Φd 2(n − 1)
E6 [2, 3, 3] Φ3Φ12 12
E7 [2, 3, 4] Φ2Φ18 18
E8 [2, 3, 5] Φ30 30
2.3. There are various instances where an explicit formula for the Coxeter polynomial
is known.
Let A be the path algebra of a hereditary star [p1, . . . , pt] with respect to the
standard orientation, see
◦ ◦
◦
OO
◦
??⑦⑦⑦⑦
[2, 3, 3, 4] : ◦ ◦oo
OO
//
AA✂✂✂✂✂
◦ // ◦ // ◦.
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Since the Coxeter polynomial χA does not depend on the orientation of A we will
denote it by χ[p1,...,pt]. It follows that
(1) χ[p1,...,pt] =
t∏
i=1
vpi
(
(T + 1)− T
t∑
i=1
vpi−1
vpi
)
.
In particular, we have an explicit formula for the sum of coefficients of χ[p1,...,pt] as
follows:
n∑
i=0
ai = χ[p1,...,pt](1) =
t∏
i=1
pi
(
2−
t∑
i=1
(1−
1
pi
)
)
.
The next table displays the cyclotomic factorization of extended Dynkin diagrams.
extended Dynkin type star symbol weight symbol Coxeter polynomial
A˜p,q — (p, q) (T − 1)
2vp vq
D˜n, n ≥ 4 [2,2,n-2] (2, 2, n− 2) (T − 1)
2v22vn−2
E˜6 [3, 3, 3] (2, 3, 3) (T − 1)
2v2v
2
3
E˜7 [2, 4, 4] (2, 3, 4) (T − 1)
2v2v3v4
E˜8 [2, 3, 6] (2, 3, 5) (T − 1)
2v2v3v5
Observe taht the Coxeter polynomial of a connected, representation-finite or tame
hereditary k-algebra A (k algebraically closed) determines the algebra A up to derived
equivalence.
2.4. For an algebra A and a left A-module M we call
A[M ] =
[
A 0
M k
]
the one-point extension of A by M . This construction provides an order to deal with
triangular algebras, that is, algebras kQ/I, where I is an ideal of the path algebra
kQ for Q a quiver without oriented cycles.
For A = B[M ], Happel’s long exact sequence [6] relates the Hochschild cohomology
groups H i(A) and H i(B) in the following way:
0→H0(A)→H0(B)→EndB(M)/k→H
1(A)→H1(B)→Ext1B(M,M)→H
2(A)→· · ·
Therefore, if M is exceptional we get H i(A) = H i(B), for i ≥ 0, and moreover, the
cohomology rings H∗(A) and H∗(B) are isomorphic. More general, if A is accessible
fromB, that is, there exists a chain of algebras A1 = B,A2, . . . , As = A such that Ai+1
is a one-point extension or coextension of Ai by an exceptional Ai-module Mi, then
H∗(A) ∼= H∗(B) as rings. In particular, if A is accessible (from k) then H i(A) = 0
for i > 0 and H0(A) = k.
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2.5. Let c be the real root of the polynomial T 3 − T − 1, approximately c = 1.325.
As observed in [30], a wild hereditary algebra A associated to a graph ∆ without
multiple arrows has ρA > c unless ∆ is one of the following graphs:
[2, 4, 5] :
1 2 3 4 5 6 7 8
9
[2, 3,m] :
1 2 3 4 5 · · · m− 1
m
In these cases, for m ≥ 8,
c > ρ[2,4,5] > ρ[2,3,m] > ρ[2,3,7] = µ0
where µ0 = 1.176280... is the real root of the Coxeter polynomial
T 10 + T 9 − T 7 − T 6 − T 5 − T 4 − T 3 + T + 1
associated to any hereditary algebra whose underlying graph is [2, 3, 7]. Observe that
in these cases, the Mahler measure of the algebra equals the spectral radius.
2.6. Canonical algebras. A canonical algebra Λ is determined by a weight sequence
p = (p1, . . . , pt) of t integers pi ≥ 2 and a parameter sequence λ = (λ3, . . . , λt)
consisting of t− 2 pairwise distinct non-zero scalars from the base field k. (We may
assume λ = 1 such that for t ≤ 3 no parameters occur). Then the algebra Λ is defined
by the quiver
◦
x1 // ◦
x1 // · · · ◦
x1 // ◦ x1
##❍
❍❍
❍❍
◦
x2 //
x1 ;;✈✈✈✈✈
xt ##❍
❍❍
❍❍
◦
x2 // ◦
x2 // · · · ◦
x2 // ◦
x2 // ◦
◦ xt
// ◦ xt
// · · · ◦ xt
// ◦
xt
;;✈✈✈✈✈
satisfying the t− 2 equations:
xpii = x
p1
1 − λix
p2
2 , i = 3, . . . , t.
For more than two weights, canonical algebras are not hereditary. Instead, their
representation theory is determined by a hereditary category, the category cohX of
coherent sheaves on a weighted projective line X, naturally attached to Λ, see [5].
Proposition. Let Λ be a canonical algebra. Then Λ is the endomorphism ring of
a tilting object in the category cohX of coherent sheaves on the weighted projec-
tive line X. The category cohX is hereditary and satisfies Serre duality in the form
DExt1(X, Y ) = Hom(Y, τX) for a self-equivalence τ which serves as the Auslander-
Reiten translation. 
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Let Λ be a canonical algebra with weight and parameter data (p, λ). Then the
Coxeter polynomial of Λ is given by
χΛ = (x− 1)
2
t∏
i=1
vpi.
In particular, canonical algebras are cyclotomic.
A finite dimensional algebra isomorphic to the endomorphism algebra of a tilting
object in a (connected) hereditary abelian Hom-finite k-category H is called a tilted
algebra. By a result of Happel [8] each such category is derived equivalent to the
module category modH over a hereditary algebra or to the category cohX of coherent
sheaves on a weighted projective line. The Coxeter polynomials of tilted algebras are
therefore the Coxeter polynomials of hereditary or canonical algebras.
2.7. One-point extensions of canonical algebras. Let Λ be a canonical algebra
of weight type (p1, . . . , pt). Then Λ is derived equivalent to the category of coherent
sheaves cohX over a weighted projective line X of weight type (p1, . . . , pt). An inde-
composable Λ-module M can be chosen as either a vector bundle or a finite length
module. In case M is a vector bundle of rank one, we call the one-point extension
Λ[M ] an extended canonical algebra. If M is a finite dimensional regular module we
distinguish two situations:
(a) If M is regular simple in the i-th exceptional tube Ti (of τ -period pi), then the
one-point extension Λ[M ] is tilting-equivalent to the canonical algebra of weight type
(p1, . . . , pi + 1, . . . , pt) having the same parameter sequence as Λ.
(b) If M has quasi-length s in Ti (recall this means that s < pi), then Λ[M ] is
derived equivalent to a supercanonical algebra in the sense of [18], where the linear
arms of the canonical algebra with index different from i are kept, and the i-th linear
arm is changed to the poset K(pi, s)
⋆
1 // 2 // · · · // pi − s //
55❦❦❦❦❦❦❦
pi − s+ 1 // · · · // pi − 1
We write Λ(i, s) for Λ[M ] and call it a supercanonical algebra of restricted type.
The structure of the bounded derived category of an extended canonical algebra
〈p1, . . . , pt〉 sensibly depends on the sign of the Euler characteristic χX = 2−
∑t
i=1(1−
1/pi) of the weighted projective line X associated to Λ. According to [17], the descrip-
tion of the derived category of an extended canonical algebra yields a trichotomy.
(i) Positive Euler characteristic: Let Λ be a canonical algebra of domestic represen-
tation type (p1, p2, p3), and ∆ be the Dynkin diagram [p1, p2, p3]. Then the extended
canonical algebra 〈p1, p2, p3〉 is derived equivalent to the (wild) path algebra of a
quiver Q having extended Dynkin type ˜˜∆.
(ii) Euler characteristic zero: Consider a canonical algebra with a tubular weight
sequence (p1, . . . , pt), we shall assume that 2 ≤ p1 ≤ p2 ≤ · · · ≤ pt. Then the extended
canonical algebra 〈p1, . . . , pt〉 is derived canonical of type (p1, . . . , pt−1, pt + 1).
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(iii) Negative Euler characteristic: Let X be a weighted projective line of negative
Euler characteristic, let A = 〈p1, . . . , pt〉 be the corresponding extended canonical
algebra and R be the Z-graded singularity attached to X. Then the derived category
Der(modA) is triangle-equivalent to the triangulated category of graded singularities
DZsing(R) of R, where the superscript Z refers to the grading.
2.8. In [25], we showed that several of the common properties of classes of algebras
presented in the above sections are consequence of the cyclotomic condition. In partic-
ular, properties of the structure of the Auslander-Reiten quiver of the derived category
Der(A). Indeed, let ΓA be the Auslander-Reiten quiver of the derived category of an
algebra A. We consider the class quiver [ΓA] of A formed by the quotients [C] of
components C of ΓA, obtained by identifying X, Y ∈ C if [X ] = [Y ] in K0(Der(A)).
Moreover, we recall that a triangular algebra A is said to be p
q
-Calabi-Yau for integers
q ≥ 1 and p ∈ Z if Sq = [p] in the derived category Der(A), where S = τ ◦ [1].
Theorem 1. [25] Let A be a triangular algebra with n non-isomorphic simple mod-
ules and χA =
∏
m∈M Φ
e(m)
m be an irreducible decomposition of its Coxeter polynomial.
Let ΓA be the Auslander-Reiten quiver of the derived category Der(A). Then the fol-
lowing holds:
(a) if A satisfies the Calabi-Yau property then φA is periodic;
(b) every component of the class quiver [ΓA] is a tube if and only if φA is periodic.
If φA is periodic then A is of cyclotomic type and
(c) the period is l.c.m.{φ(m) : m ∈M}, where φ(−) is Euler’s totient function;
(d) every component of Γ is either a tube ZA∞/(p) of finite period p where p = φ(m)
for some m ∈ M or of the form Z∆ for ∆ a Dynkin or extended Dynkin diagram or
of one of the shapes A∞, A
∞
∞ or D∞. Moreover,
(e) if p1, . . . , ps are the periods > 1 of non-homogeneous tubes in [Γ] then
s∑
i=1
pi ≤ n.
3. Mahler measure
Given a Laurent polynomial P with integer coefficients, its Mahlers measure M(P )
is defined as the geometric mean of the function |P | over the real circle, that is,
M(P ) = exp
(∫ 1
0
ln(|P (e2piit)|)dt
)
see [20]. For a polynomial in one variable, Mahler obtained the more elementary
expression for the measure given in the Introduction.
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3.1. Let P = a0+a1T + · · ·+anT
n be any polynomial with real coefficients. Besides
the Mahler measure of P , we shall consider other measures, such as,
L(P ) =
n∑
i=1
|ai|, ||P || = max|x|=1|P (x)|
There are the following basic inequalities, shown in [20] (see also [26])
M(P ) ≤ ||P || ≤ L(P ) ≤ 2nM(P ).
3.2. Let A be an algebra and λ1, . . . , λn be the eigenvalues of the Coxeter transfor-
mation φA. We may assume that |λ1| ≤ |λ2| ≤ . . . ≤ |λn| = ρA. Part of the next
statement was shown in [25].
Proposition. The following inequatilities hold:
1 ≤M(χA)
1/n ≤
1
n
e(φA) ≤
1
n
n∑
i=1
|λi|
2 ≤ ρ2A ≤ M(χA)
2
Proof. The three inequalities not involving the Mahler measure were proved in [25],
Proposition (3.2). The upper bound for the Mahler measure follows from the arith-
metic mean-geometric mean inequality for the set of absolute values {|λ1|, . . . , |λn|}.
The lower bound ρA ≤M(χA) is evident. 
4. Accessible algebras
4.1. For an algebra B we say that A is accessible from B if there is a sequence
B = B1, B2, . . . , Bs = A of algebras such that each Bi+1 is a one-point extension
(resp. coextension) of Bi for some exceptional Bi-module Mi.
As a special case, a k-algebra A is called accessible if A is accessible from k. By
construction, each accessible algebra A is connected, moreover the indecomposable
projective A-modules can be arranged to form an exceptional sequence (P1, . . . , Pn),
that is, ExtiA(Pj , Ps) = 0 for every j > s and i ≥ 0. In particular, the quiver of an
accessible algebra A has no loops or oriented cycles (we say that A is triangular) and
therefore A has finite global dimension. If not stated otherwise we shall assume that
an algebra A is defined over k and connected, that is, its quiver is connected. Many
well-known examples of algebras are accessible: hereditary algebras of tree type, more
generally tree algebras, canonical algebras with three weights, poset algebras without
crowns, representation-finite algebras with vanishing first Hochschild cohomology of
global dimension ≤ 2.
The construction of sequences of algebras A = An, An−1, . . . , A1 = k where each
algebra Ai+1 is a one-point extension or coextension of Ai by an exceptional module
Mi, for i = 1, . . . , n − 1 allows to perform informative inductive procedures. For
instance, every accessible algebra A has vanishing Hochschild cohomology H i(A) = 0,
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for i > 0 and H0(A) = k. For any tree algebra A such an inductive procedure yields
that the Coxeter polynomial takes values 0 or 1 when evaluated at −1, see [17, 18].
4.2. Assume that A is a finite dimensional algebra of finite global dimension, im-
plying that the bounded derived category Der(A) of finite dimensional A-modules is
homologically finite. Following [10], a triangulated category T is called homologically
finite if for any two objects X and Y from T the space HomT (X, Y [n]) is non-zero
only for finitely many n. Note that a module E is exceptional in modA if and only if
it is exceptional as an object in the triangulated category Der(A) under the standard
embedding from modA to Der(A).
Consider an exceptional object E in a triangulated category T , then the right per-
pendicular category E⊥ of E consists of all objects X from T satisfying the conditions
HomT (E,X [n]) = 0 for each integer n. Viewed as a full subcategory of T , E
⊥ is a
triangulated category, and the exact inclusion of E⊥ in T admits an exact left adjoint
eλ : T → E
⊥, see [4].
LetM be an exceptional B-module. In case the perpendicular categoryM⊥ formed
in the derived category Der(B) is of the form Der(C) for an accessible algebra C we
say that M is special. In this case for the one-point extension algebra A = B[M ] we
get χA = (T + 1)χB − TχC , a useful formula in our considerations.
An accessible tower of algebras is a family of algebras A = An, An−1, . . . , A1 = k
where each algebra Ai+1 is a one-point extension or coextension of Ai by a special
exceptional module Mi, for i = 1, . . . , n − 1 such that M
⊥
i , formed in the derived
category, Der(Ai) is equivalent to Der(Ai−1).
4.3. Forming one-point extensions is in some sense inverse to forming perpendicular
categories (with respect to an exceptional object). See [5, Proposition 4.11] and [13,
section 18.3] for a detailed discussion. As an example, we recall the following remark
from [17].
Proposition. Let A be a k-algebra which is derived equivalent to the path algebra of a
Dynkin quiver ∆. Let B be a one-point-extension or coextension by an indecomposable
A-module M . Then B is derived equivalent to the path algebra of a quiver Γ obtained
from ∆ by adding a new vertex and a new arrow.
4.4. Assume T is a triangulated category which is algebraic in the sense of [10]. In
this paper, an exceptional object E is said to be of coherent type in T if the left
(resp. right) perpendicular category ⊥E (resp. E⊥) is equivalent to Der(cohX) for
some weighted projective line X and, moreover, the left adjoint ℓ (resp. right adjoint
r) to inclusion maps E to a line bundle in cohX. The next proposition, taken from
[18] is the key tool to determine the shape of the derived category of an extended
canonical algebra.
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Proposition. Let T be a triangulated category having an exceptional object of coher-
ent type E. Then there exists a tilting object T¯ of T whose endomorphism ring is an
extended canonical algebra. Further for A = End T¯ the categories T and Der(modA)
are equivalent as triangulated categories.
Proof. By [5] the line bundle rE of cohX extends to a tilting bundle T in cohX. Now
T¯ = T⊕E is a tilting object in T, whose endomorphism ring is an extended canonical
algebra. 
4.5. Example: As an illustration of the former definitions (4.1), (4.2) and as appli-
cation of the Theorems stated at the Introduction, we consider the following tower of
algebras.
Consider the algebra R2n with 2n vertices and whose quiver is given as
1 //

2 //

3 //

· · · // n

1′ // 2′ // 3′ // · · · // n′
with all commutative relations. The corresponding Coxeter polynomial
χR2n = χAn ⊗ χA2 = vn+1 ⊗ v3
is a product of cyclotomic polynomials. In fact R2n = An ⊗ A2, where As is the
hereditary algebra associated to the linear quiver 1→ 2→ · · · → s, see [25].
For 2m+ 1 odd, we consider
R2m+1 ◦

// ◦

// · · · // ◦

// ◦

◦ // ◦ // ◦ // · · · // ◦ // ◦
The sequence of algebras Rn forms an accessible tower of algebras, as it is easy to
verify. The following holds for the sequence of Coxeter polynomials χRn :
(a) χRn = T
n + T n−1 − T 3 χRn−6 + T + 1, for all n ≥ 6;
(b) L(χRn) = 4m+ n0, if n = 6m+ n0 for 0 ≤ n0 ≤ 5;
(c) M(χRn) = 1.
Proof. (a): For simplicity, we write χn := χRn . We want to show
χn = (T + 1)(T
n−1 + 1)− T 3χn−6 (1, n)
We shall consider also the following formulae:
χn = (1 + T )χn−1 − T (1 + T )χn−3 + T
2(1 + T )χn−5 − T
3χn−6 (0, n)
χn+6 = T
n+6 + T n+5 − T n+3 − T n+2 + T 6χn−6 − T
4 − T 3 + T + 1 (2, n)
We observe that formula (0, n) holds for all n ≥ 0 as can be easily verified from the
accessibility of the tower Rn. We leave this as an exercise.
Obviously, formula (1, n) implies (2, n). We claim the following assertions hold:
(i) formulas (2, n) and (1, n) imply (1, n+ 6)
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(ii) formulas (2, n) hold for all n ≥ 0.
We observe that (i) and (ii) imply statement (a). Indeed, we proceed by induction
on n. Clearly, the formula (1, n) holds for n = 1, 2, . . . , 6. Assume (1, m) holds for
m ≤ n− 1. Then (2, n− 6) and (1, n− 6) hold and by (i), (1, n) holds.
(i): Observe that (1, n) can be written as:
T 3χn−6 = −χn + T
n + T n−1 − T − 1
which sustituted in (2, n) yields:
χn+6 = T
n+6+T n+5−T n+3−T n+2+T 3(−χn+T
n+T n−1+T +1)−T 4−T 3+T +1 =
= T n+6 + T n+5 − T 3χn + T + 1
that is, (1, n+ 6) holds.
(ii): By induction on n. The assertion (2, n) holds for n = 1, 2, . . . , 6 by direct
verification.
Assume (2, m) holds for all m ≤ n − 1, we show (2, n). Use formula (0, n + 6) to
obtain:
χn+6 = (1 + T )χn+5 − T (1 + T )χn+3 + T
2χn+1 − T
3χn =
= (1 + T )(T n+5 + T n+4 − T n+2 − T n + T 6χn−7 − T
4 − T 3 + T + 1)−
−(1 + T )(T n+4 + T n+3 − T n+1 − T n + T 7χn−9 − T
5 − T 4 + T 2 + T )+
+(1 + T )(T n+2 + T n+1 − T n−1 − T n−2 + T 8χn−11 − T
6 − T 5 + T 3 + T 2)−
−T n+3 + T n+2 − T n − T n−1 + T 6χn−12 − T
7 − T 6 + T 4 + T 3
An elementary simplification and formula (0, n − 6) yield formula (2, n). The proof
of (a) is complete.
(b): follows from the explicit calculation of χRn for 0 ≤ n ≤ 5.
(c): observe that R2m is of cyclotomic type for all m. Then (c) follows as a
consequence of Theorem 2. 
4.6. Extended canonical algebras of critical type. In [18] the extended canoni-
cal algebras A with minimal weigth type (p1, p2, . . . , pt) such that Spec (χA(T )) 6⊂ S
1
were classified. Recall that such an extended canonical algebra satisfies dimkH
2(A) =
t − 3. In particular, if A is accessible then t = 3. This remark restricts the possible
critical weights.
Theorem. Let A be an accessible algebra derived equivalent to an extended canonical
algebra of weight p = (p1, p2, p3). Then the following holds:
(a) if p is minimal such that A is not of cyclotomic type then A belongs to Table
1.
(b) if A is not derived equivalent to a canonical algebra but A is of cyclotomic type
then A belongs to Table 2.
(c) if A is in Table 1 then M(χA) = ρ
2
A.
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Weight Irreducible factorization of χA ρ(ϕA) Dynkin index
(2, 3, 11) 1+T−T 3−T 4+T 6+T 7+T 9+T 10−T 12−T 13+T 15+T 16 1.1064 6
(2, 4, 9) Φ2Φ5(T 10−T 9+T 5+T+1) 1.1329 4
(2, 5, 8) 1+T+T 4+T 5+T 6+2T 8+T 9+T 10+T 11+T 14+T 15 1.1574 4
(2, 6, 7) 1+T+T 4+2T 5+2T 6+T 7+T 8+2T 9+2T 10+T 11+T 14+T 15 1.1669 4
(3, 3, 8) 1+T+T 2+T 5+2T 6+3T 7+2T 8+T 9+T 12+T 13+T 14 1.1498 3
(3, 4, 7) 1+T+T 2+T 3+T 4+2T 5+3T 6+3T 7+3T 8+2T 9+T 10+T 11+T 12+T 13+T 14 1.1847 3
(3, 5, 6) Φ3(T 12+T 9+T 8+T 7+T 6+T 5+T 4+T 3+1) 1.1966 3
(4, 4, 6) Φ2Φ4(T 10 − T 9 + T 8 + T 6 + T 4 + T 2 − T + 1) 1.2715 3
(4, 5, 5) Φ5(T 10+T 7+T 6+T 5+T 4+T 3+1) 1.2277 3
Table 1. Critical weight sequences.
Weight sequence Factorization of χA Period of φA
(2, 3, 7) Φ42 42
(2, 3, 8) Φ2 · Φ10 · Φ30 30
(2, 3, 9) Φ3 · Φ12 · Φ24 24
(2, 3, 10) Φ2 · Φ16 · Φ18 72
−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
(2, 4, 5) Φ2 · Φ6 · Φ30 30
(2, 4, 6) Φ22 · Φ22 22
(2, 4, 7) Φ2 · Φ9 · Φ18 18
(2, 4, 8) Φ22 · Φ4 · Φ12 · Φ14 84
−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
(2, 5, 5) Φ5 · Φ20 20
(2, 5, 6) Φ2 · Φ8 · Φ16 16
(2, 5, 7) Φ11 · Φ12 132
(2, 6, 6) Φ22 · Φ3 · Φ6 · Φ10 · Φ12 60
−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
(3, 3, 4) Φ3 · Φ24 24
(3, 3, 5) Φ2 · Φ3 · Φ6 · Φ18 18
(3, 3, 6) Φ23 · Φ15 15
(3, 3, 7) Φ2 · Φ3 · Φ4 · Φ10 · Φ12 60
(3, 4, 4) Φ2 · Φ4 · Φ16 16
(3, 4, 5) Φ13 13
(3, 4, 6) Φ2 · Φ3 · Φ9 · Φ10 90
(3, 5, 5) Φ2 · Φ5 · Φ8 · Φ10 40
(4, 4, 4) Φ22 · Φ
2
4 · Φ6 · Φ12 12
(4, 4, 5) Φ2 · Φ4 · Φ8 · Φ9 72
−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
Table 2. Weights p with M(φA) = 1.
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4.7. Proof of Theorem 1. In fact, we show the next, more precise, statement.
Theorem. Let A be an accessible algebra not of cyclotomic type. Then there is a
convex subcategory B of A satisfying the following properties:
(a) B is minimal not of cyclotomic type, that is, if C is any proper convex subcat-
egory of B, then C is of cyclotomic type;
(b) B is derived equivalent to a minimal wild hereditary algebra;
(c) the Mahler measure of B is M(χB) ≥ µ0.
Proof. Let k = A0, A1, . . . , An = A be a tower algebras such that Ai+1 is a one-point
extension or coextension of Ai by an exceptional Ai-module Mi. Since A is not of
cyclotomic type, there is a first index 2 ≤ j ≤ n such that Aj is not of cyclotomic type.
We can choose that chain in such a way that Aj has minimal possible k-dimension.
The selected algebra B = Aj clearly satisfies (a).
We observe that algebras in Table 1 contain a convex subcategory which is a mini-
mal wild hereditary algebra of type [2, 4, 5] or [2, 3, 7]. Therefore to show (b) and (c)
it is enough to show that B is either wild hereditary or belongs to Table 1.
Write B as a one-point extension B = C[M ] of an algebra C of cyclotomic type by
an exceptional C-module M . We distinguish two situations:
(1) B is piecewise hereditary. Then also the algebra C is derived equivalent to a
hereditary category H. Then, invoking [8], H is either derived equivalent to the mod-
ule category of a hereditary algebraH or to the category of coherent sheaves cohX over
a weighted projective line X. In either case Der(H) is equivalent to the repetitive cat-
egory
∨
n∈ZH[n] of H. Hence we can assume that M ∈ H and M
⊥
Der(H) = Der(M
⊥
H).
We distinguish two subcases:
• ifH is derived equivalent to the module category of the hereditary algebraH , then
M⊥H = mod(D) for some hereditary algebra D. Since C is of cyclotomic type then
H is hereditary of extended Dynkin type ∆˜ and D is of Dynkin type. Therefore M
is an exceptional C-module and B = C[M ] is derived equivalent to a wild hereditary
algebra kQ, where Q is a quiver with vertices those of ∆˜ and an additional source.
Moreover, since B is minimal not of cyclotomic type then Q is of double extended
Dynkin type ˜˜∆ and by (2.5) we have M(χB) ≥ µ0.
• If H is derived equivalent to the coherent sheaves over X, either M is a vector
bundle or a finite length module. In the first case, observe that, by property (a), C
is canonical of extended Dynkin type or a tubular algebra, of extension type p0 =
(p01, p02, p03) for some numbers p01 ≤ p02 ≤ p03. Consider a filtration 0 = M0 ⊂
M1 ⊂M2 ⊂ . . . ⊂Mr = M such that Li =Mi/Mi−1 is a line bundle, for i = 1, . . . , r.
Therefore L1 is exceptional of coherent type. Either r = 1 and, as above, B = C[L1] is
an extended canonical algebra in Table 1, or r > 1 and, by property (a), B1 = C[L1]
is an extended canonical algebra in Table 2. Since the extension type of B1 is
p1 = (p01, p02, p03+1) then, property (a) again, yields that B1 is canonical of extended
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Dynkin type or a tubular algebra. Then B2 = B1[L2] = C[M2] is an extended
canonical algebra. Either r = 2 and B2 is an extended canonical algebra in Table 1,
or r > 2 and B2 is an extended canonical algebra in Table 2. We may continue to
reach B = C[M ] as an extended canonical algebra in Table 1 and M(χB) ≥ µ0.
Finally, in case M is a finite length module of regular length m, M lies in a tube T
of rank r > m since M is exceptional. Then M⊥H = mod(H
′)× coh(X′), where H ′ is a
hereditary algebra of linear type Am and X
′ is a weighted projective line (of a weight
dominated by that of X). Therefore M⊥Der(H) = Der(H
′) × Der(C ′) for a canonical
algebra C ′ whose module category is derived equivalent to coh(X′). Therefore M is
special exceptional and, as above, B belongs to Table 1 and M(χB) ≥ µ0.
(2) B is not piecewise hereditary. Let D be maximal convex subcategory of B such
that D is piecewise hereditary. Then D is of cyclotomic type. Assume D is derived
equivalent to the hereditary category H and there is an exceptional D-module N such
that D[N ] (or equivalently, [N ]D) is a convex subcategory of B which is not derived
hereditary. We distinguish two situations:
• if H is derived equivalent to the module category of the hereditary algebra H =
k∆. We consider the different representation types of H .
(i) Assume that ∆ is of Dynkin type. By the Proposition above, the one-point
extension D[N ] is derived hereditary, a contradiction to the maximality of D.
(ii) Assume that ∆ is of extended Dynkin type. Then modH is derived equivalent
to the coherent sheaves over a weighted projective line, a situation that we shall
consider later.
(iii) Assume H is a wild hereditary algebra. By [30], the spectral radius ρH ≥ µ0
and therefore D is not of cyclotomic type, a contradiction to property (a) satisfied by
B.
• If H is derived equivalent to the coherent sheaves over X, either N is a vector
bundle or a finite length module. In the first case, N⊥H = mod(F ) for a hereditary
algebra F and D is a one-point extension of F by an exceptional module L, say
D = F [L]. As above, F is of extended Dynkin type ∆˜. Let Q be a quiver of type
∆˜, therefore admitting a unique positive additive function λ assuming the value 1
at some extension vertex p. Additivity of λ means that for any vertex u one has
2λ(u) =
∑
v auvλ(v), where v runs through all vertices and auv denotes the number of
edges between u and v. Then D is derived equivalent to the path algebra ˜˜∆ which is
the graph arising from ∆˜ by adjoining a new edge at the extension vertex p, see [17].
Therefore D is hereditary of wild type then not cyclotomic, again a contradiction.
In case N is a finite length module of regular length m, N lies in a tube T of
rank r > m since N is exceptional. Then N⊥H = mod(H
′) × coh(X′), where H ′ is a
hereditary algebra of linear type Am and X
′ is a weighted projective line of a weight
dominated by that of X. This contradicts that F is of extended Dynkin type and
hence the weight of X is minimal. In conclusion, case (2) never arises. 
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5. Interlaced towers of algebras
5.1. Following [16], we shall say that a polynomial f ∈ Z[T ] is represented by q ∈
Z[T ] if f(T 2) = q∗(T ) := Tdeg(q)q(T +T−1). Two important families of representable
polynomials are the following:
• A fundamental fact for a hereditary algebra A = kQ, when Q is a bipartite quiver
without oriented cycles is that SpecϕA ⊂ S
1 ∪ R+. This was shown by A’Campo [1]
as a consequence of the identity χA(T
2) = T nκ|Q|(T + T
−1), where n is the number
of vertices of Q and κ|Q| is the characteristic polynomial of the adjacency matrix of
the underlying graph |Q| of Q.
• Recall that the (normalized) Chebycheff polynomials (of the second kind) (un)n
may be inductively constructed by the rules:
u0 = 1, u1 = T, and un+1 = Tun − un−1, for n ≥ 1.
A simple induction shows that the characteristic polynomial of the Coxeter trans-
formation of a linear graph An = [n] is the polynomial un(T ). The polynomial un
represents the polynomial vn+1 = T
n + T n−1 + · · ·+ T + 1.
Other examples of representable polynomials are the cyclotomic polynomials and
the Coxeter polynomials of canonical and extended canonical algebras, as shown in
[16]. We shall come back to some of these results.
The following basic remark was proved in [16]. We denote Root(p) the set of
(complex) roots of a polynomial p.
Proposition. Let p and q ∈ Z[T ] be such that p is represented by q. Assume that
p(T ) is a self-reciprocal polynomial. Then
(a) µ ∈ Root(p), then µ−1, µ¯, µ¯−1 ∈ Root(p);
(b) Root(p) ⊂ S1 ∪ R+ if and only if Root(q) ⊂ R;
(c) Root(p) ⊂ S1 (resp. S1 \ {1}) if and only if Root(q) ⊂ [−2, 2] (resp. (−2, 2));
(d) Assume q(T ) = χ∆(T ) is the characteristic polynomial of a the adjacency
matrix of a graph ∆ then
(i) ∆ is a bipartite graph.
(ii) Root(q) ⊂ R and Root(p) ⊂ S1 ∪ R+.
(iii) Root(p) ⊂ S1 \ {1} if and only if ∆ is a union of Dynkin graphs.
We shall study representability of Coxeter polynomials associated to towers of
algebras and obtain consequences.
5.2. Let B = Am, Am+1, . . . , An = A be a family of triangular algebras with m ≤
n− 2 satisfying, for each s = m, . . . , n:
(i) each algebra As has s simple pairwise non-isomorphic modules;
(ii) the Coxeter polynomial χAs is represented by a monic polynomial ps of degree
s;
(iii) ps = Tps−1 − ps−2, if s ≥ m+ 2;
(iv) pm has m pairwise different real roots.
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If conditions (i) to (iv) are satisfied, we say that B = Am, Am+1, . . . , An = A is an
interlaced tower of algebras. The next statement is the motivation for the introduction
in [16] of the representability concept. We shall recall here the simple proof.
Proposition. Let B = Am, Am+1, . . . , An = A be a family of triangular algebras with
m ≤ n−2 satisfying, for each s = m, . . . , n, conditions (i) and (ii). Then the following
hold:
(a) Condition (iii) is equivalent to: χAs+1 = (T + 1)χAs − TχAs−1 .
(b) if moreover, conditions (iii) and (iv) hold, the next conditions are also satisfied:
(v) if two successive functions among ps−1, ps and ps+1 have a common root λ
then pm(λ) = 0;
(vi) if one of the functions vanishes in λ ∈ R, then the immediate successor and
predecessor of that function take real values of different sign at λ (that is, if
ps(λ) = 0, then both ps−1(λ) and ps+1(λ) are real and ps−1(λ)ps+1(λ) < 0).
Proof. Assume that χs(T
2) = T sps(T +T
−1) for the polynomial ps representing χs =
χAs, s = m, . . . , n. Assume condition (iii) holds. Then
χs+1(T
2) = T s+1ps+1(T + T
−1) = T s+1{(T + T−1)ps(T + T
−1)− ps−1(T + T
−1)} =
= (T 2 + 1)T sps(T + T
−1)− T 2T s−1ps−1(T + T
−1) = (T 2 + 1)χs(T
2)− T 2χs−1(T
2)
that is, χs+1(T ) = (T + 1)χs(T )− Tχs−1(T ). To prove the converse, follow the steps
in the reverse order.
(b) follows easily. 
5.3. Examples: (1) Let L be a connected convex subcategory of the hereditary
quiver algebra H = k∆ of tree type. Then there exists a (non-unique) tower of
algebras Hm = L,Hm+1, . . . , Hn = H such that Hs is a one-point extension or coex-
tension]1W of Hs−1 by an indecomposable module Ms−1. Clearly, the modules Ms−1
are projective or injective, therefore excepcional. Hence Hs = k∆s where ∆s−1 is
obtained from ∆s by deleting a vertex as and the perpendicular category M
⊥
s formed
Der(Hs) is derived equivalent to mod(Hs−1), see [17, 18] for details. Moreover, the
result quoted in (5.1) yields that the Coxeter polynomial χHs is represented by κ|∆s|
the characteristic polynomial of the adjacency matrix of the underlying graph |∆s| of
∆s. In case m ≤ n− 2, these remarks show:
• the sequence Hm = L,Hm+1, . . . , Hn = H is an accessible tower of algebras;
• the sequence Hm = L,Hm+1, . . . , Hn = H is an interlaced tower of algebras.
(2) Consider the accessible tower of algebras (Rn) as given in example (4.6). We
observe that χn = χRn can be represented in the following way:
(i) For n ≤ 6 the Coxeter polynomials of the sequence are:
χ0 = 1, χ1 = T + 1, χ2 = T
2 + T + 1, χ3 = T
3 + T 2 + T + 1,
χ4 = T
4 + T 3 + T + 1, χ5 = T
5 + T 4 + T + 1, χ6 = T
6 + T 5 − T 3 + T + 1
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represented by the polynomials
r0 = 1, r1 = T, r2 = T
2 − 1, r3 = T
3 − 2T, r4 = T
4 − 3T 2,
r5 = T
5 − 4T 3 + 2T, r6 = T
6 − 5T 4 + 5T 2 − 1
(ii) Observe that (T n−1+1) = vn−Tvn−2 then T
n+T n−1+T+1 = (T+1)(T n−1+1)
is represented by wn = T (un−1 − un−3).
(iii) n ≥ 6: we define rn = wn − T
3rn−6. We verify by induction on n that rn
represents χRn :
χRn(T
2) = (T 2 + 1)(T 2n−2 + 1)− T 6 χRn−6(T
2) =
= T n wn(T + T
−1)− T 6T n−6 rn−6(T + T
−1) = T n rn(T + T
−1)
Claim: The tower (Rn) is interlaced. In fact, it is enough to show that wn =
Twn−1 − wn−2. Indeed,
Twn−1 − wn−2 = T{T (un−2 − un−4)} − T (un−3 − un−5) =
= T (Tun−2 − un−3)− T (Tun−4 − un−5) = T (un−1 − un−3) = wn
(3) Let H be the star of type [p1, p2, p3] with Coxeter polynomial χ[p1,p2,p3] rep-
resented by κ[p1,p2,p3]. Observe that the corresponding canonical algebra C(p1,p2,p3) is
essentially unique. The Coxeter polynomial χ(p1,p2,p3) of the canonical algebra satisfies
χ(p1,p2,p3) = χK2
t∏
i=1
κ[pi−1]
where κ[p] denotes the characteristic polynomial of the underying graph of the linear
path [p] and K2 is the Kronecker diagram • • .
Since χK2 is represented by (T − 1)
2 and κ[pi−1] = vpi is represented by upi, then
χ(p1,p2,p3) is represented by u(p1,p2,p3) = (T − 1)
2
∏
i=1,2,3 upi.
For each number 3 ≤ n ∈ N fix a triple p(n) = (p1(n), p2(n), p3(n)) such that the
following are satisfied:
• set p(3) = (1, 1, 1);
• p1(n) + p2(n) + p3(n) = n;
• p(n) ≤ p(n + 1) coordinate wise.
Claim: The tower of canonical algebras Cp(n), for 3 ≤ n ∈ N, is interlaced. Indeed,
it is enough to show that Tup(n)−up(n−1) = up(n+1). We have to distinguish two cases:
• p1(n+ 1) = p1(n) + 1 = p1(n− 1) + 2;
• p1(n+ 1) = p1(n) + 1 and p2(n) = p2(n− 1) + 1.
We only analize the second case, namely,
Tup(n) − up(n−1) = T (T − 1)
2up1up2+1up3 − (T − 1)
2
∏
i=1,2,3
upi =
= (T − 1)2up1+1up2+1up3 = up(n+1)
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(4) Let E = E(p1, p2, p3) = C(p1,p2,p3)[P ] be the extended canonical algebra of
C(p1,p2,p3) by the indecomposable projective module P associated to the unique source.
Following [16], the Coxeter polynomial of E is χ〈p1,p2,p3〉 = (T+1)χ(p1,p2,p3)−Tχ[p1,p2,p3]
and it is represented by
q(p1,p2,p3) = TχK2
∏
i=1,2,3
upi − κ[p1,p2,p3]
As in (3), for each number 3 ≤ n ∈ N fix a triple p(n) = (p1(n), p2(n), p3(n)) satisfying
the above conditions. As above, it is simple to show:
Claim: The tower of extended canonical algebras Ep(n), for 3 ≤ n ∈ N, is inter-
laced.
(5) Consider the canonical algebra C of type (2, 3, 6) and A = C[P ] where P is the
indecomposable projective C-module associated to the unique source of C. Then A
is the extended canonical algebra associated to the quiver
3
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satisfying the equation:
xn3 = x
2
1 − x
3
2
Consider the tower of accessible algebras k = A1, A2, . . . , A10 where Ai is the sub-
category of A generated by 1, . . . , i, for i = 1, . . . , 6 and, in general, As+1 is a one-point
coextension of As, for s = 1, . . . , 10.
Observe that A6 is hereditary of wild representation type therefore M(χA6) > 1.
Moreover, since φA10 = Φ42 then M(χA10) = 1. Theorem 2 implies that the tower
(As) is not an accessible tower of algebras, neither an interlaced tower of algebras.
5.4. The following criterion was observed in particular cases in [16, 17, 19].
Proposition. Let B = Am, Am+1, . . . , An = A be an interlaced tower of algebras.
Then the following happens:
(a) there exists an integer p such that χAs(−1) = 0 or χAs(−1) = p
2, for m ≤ s ≤ n,
depending if s is odd or even;
(b) 0 ≤ p ≤ 1 if Am is derived equivalent to a tree algebra; 0 ≤ p ≤ 2 if Am is
derived equivalent to a canonical algebra or to an extended canonical algebra.
Proof. It was observed in [17] that if s is odd χAs(−1) = 0, and if s is even χAs(−1) =
p2s for some integer ps. For anym+1 ≤ s ≤ n−1 we have χAs+1 = (T+1)χAs−TχAs−1
which implies χAs+1(−1) = χAs−1(−1). It follows that all ps are equal for s even.
(b): this is shown in [16]. 
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5.5. The interlacing properties of eigenvalues of Coxeter polynomials of an interlaced
tower of algebras are contained in the following result which generalizes those of [16].
Consider an interlaced tower of algebras B = Am, · · · , An = A with m ≤ n − 2
and ps the polynomial representing χAs, for s = m, . . . , n. At the level of the family
pm, . . . , pn satisfying conditions (i) to (vi) above, a version of Sturm’s Theorem [?]
assures that given any interval [α, β] ⊂ R and roots λ1 ≤ · · · ≤ λr of ps+1 in [α, β],
then ps has roots λ
′
1 ≤ · · · ≤ λ
′
r−1 in [α, β] satisfying λ1 ≤ λ
′
1 ≤ λ2 ≤ λ
′
2 ≤ · · · ≤
λr−2 ≤ λ
′
r−1 ≤ λr (interlacing property).
Theorem. Consider an interlaced tower of algebras B = Am, · · · , An = A with m ≤
n− 2. Then the following hold:
(a) If the eigenvalues of φAn are contained in S
1∪R+ (resp. in S1), then the same
holds for φAs, for s = m, · · · , n;
(b) suppose that the eigenvalues of φAn are contained in S
1∪R+, then the following
holds:
(i) if µ1 ≤ · · · ≤ µs (resp. µ
′
1 ≤ · · · ≤ µ
′
t) are the eigenvalues of χAn (resp.
χAn−1) not in S
1, then s− 1 ≤ t ≤ s satisfying
µ1 ≤ µ
′
2 ≤ µ2 ≤ µ
′
3 ≤ · · · ≤ µs−1 ≤ µ
′
s ≤ µs
and possibly 1 < µ′1 ≤ µ1;
(ii) either both An−1 and An are of cyclotomic type orM(χAn−1) < M(χAn).
(c) M(χAm+2) ≤M(χAm+1)L(χAm)
Proof. (a): If χAn has all its roots in S
1 ∪ R+ (resp. in S1), then Spec (pn) ⊂ R
+
(resp. in [−2, 2]). By Sturm’s Theorem, Spec (pn−1) ⊂ R
+ (resp. in [−2, 2]) and
hence SpecχAn−1 ⊂ S
1 ∪ R+ (resp. in S1).
(b) Consider the roots of pn satisfying 2 < λ1 < λ2 < · · · < λs−1 < λs and those
roots 2 < λ′1 < λ
′
2 < · · · < λ
′
t of pn−1. Then either λ1 < λ
′
1 < λ2 < · · · < λs−1 < λ
′
t <
λs or λ
′
1 < λ1 < λ
′
2 < · · · < λs−1 < λ
′
t < λs, accordingly t = s− 1 or t = s.
Since T n pn(T + T
−1) = χAn(T
2) implies that λi = νi + ν
−1
i and µi = ν
2
i for any
root 2 < λi of pn, we get
νi =
λ2i
2
− 1 +
λi
2
√
λ2i − 4
Part (i) follows immediately.
For (ii), observe that M(χAn) =
∏s
i=1 µi and use the interlacing result just proved
to get M(χAn−1) ≤ M(χAn). If the equality holds then either s = 0, implying that
both An and An−1 are of cyclotomic type, or t = s and µ
′
i = µi, for all 1 ≤ i ≤ s,
which contradicts that pn−1 and pn have no common roots.
(c): We have χAm+2 = (T + 1)χAm+1 − TχAm. Then for x ∈ S
1 we get
|χAm+2(x)| ≤ |(x+ 1)χAm+1(x)|+ |xχAm(x)| ≤ 2||χAm+1||+ ||χAm||.
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Therefore,
M(χAm+2) = exp
(∫ 1
0
ln(|χAm+2(e
2piit)|)dt
)
≤
≤ exp
(∫ 1
0
ln(|(e2piit + 1)χAm+1(e
2piit)|)dt+
∫ 1
0
ln(L(χAm))dt
)
=
= M((T + 1)χAm+1)M(TχAm) =M(χAm+1)L(χAm)
where the first inequality is due to ln(x + y) ≤ ln(x) + ln(y) for x, y ≥ 0, while the
last equality is due to the multiplicative property of the Mahler measure. 
5.6. Proof of Theorem 2: Let Am, . . . , An be an interlaced tower of algebras with
m < n. Suppose that SpecφAn ⊂ S
1 ∪ R+. Then (a) of the above Theorem implies
that all eigenvalues of φAs lie in S
1 ∪R+ and therefore M(χAs) =
∏
µ∈Spec φAs\S
1 µ, for
s ≤ n.
We distinguish two cases. Assume that An is of cyclotomic type. Then, by induc-
tion, using (a) of the above Theorem we get that also SpecφAm ⊂ S
1. That is, Am is
of cyclotomic type.
If An is not of cyclotomic type, then (b) of Theorem yields M(χAn−1) < M(χAn).
By induction hypothesis, we may assume that M(χAm) ≤ M(χAn−1) which implies
the desired lower inequality. 
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